The Ulam-Hyers stability problems of the following quadratic equation
Introduction
In 1940, Ulam [1] proposed the general Ulam stability problem. In 1941, this problem was solved by Hyers [2] for the case of Banach spaces. Thereafter, this type of stability is called the Ulam-Hyers stability. In 1950, Aoki [3] provided a generalization of the Ulam-Hyers stability of mappings by considering variables. For more general function case, the reader is referred to Forti [4] and Găvruta [5] .
Let X be a real normed space and Y be a real Banach space in the case of functional inequalities, as well as let X and Y be real linear spaces in the case of functional equations. The quadratic function f(x) = cx 2 (x ℝ), where c is a real constant, clearly satisfies the functional equation
f (x + y) + f (x − y) = 2f (x) + 2f (y).
(1:1) Hence, the above equation is called the quadratic functional equation. In particular, every solution f : X Y of equation (1.1) is said to be a quadratic mapping. In 1983, Skof [6] obtained the first result on the Ulam-Hyers stability of equation (1.1) .
In 1989, Aczel and Dhombres [7] obtained the general solution of Equation (1.1) for a function f from a real linear space over a commutative field F of characteristic 0 to the field F. In 1995, Kannappan [8] obtained the general solution of the functional equation
The solution of the above equation is connected with bilinear functions. In 1995, Forti [9] obtained the result on the stability theorem for a class of functional equations including Equation (1.1). It is also the first result on the Ulam-Hyers stability of the quadratic functional equation. Recently, Shakeri, Saadati and Park [10] investigated the Ulam-Hyers stability of Equation (1.1) in non-Archimedean L -fuzzy normed spaces.
In 1996, Rassias [11] investigated the stability problem for the Euler-Lagrange functional equation
where a, b are fixed nonzero reals with a 2 + b 2 ≠ 1. In 2009, Gordji and Khodaei [12] investigated the stability problem for the Euler-Lagrange functional equation
where a, b are fixed integers with a, b, a ± b ≠ 0.
In this paper, we will investigate the Ulam-Hyers stability of the Euler-Lagrange functional equation as follows:
where r is a nonzero rational number. Equation 1.4 is a special form with a = b = 
for a fixed integer a with a ≠ 0, ± 1. In [13] , one can find the fact that Equation (1.1) implies Equation 1.5. Recently, Xu, Rassias and Xu [14] investigated the stability problem for Equation 1.5 in non-Archimedean normed spaces. Euler-Lagrange type functional equations in various spaces have been constantly studied by many authors. 
for all x X. By (1.4) and the above equation, we have
for all x, y X.
Conversely, suppose that f is quadratic. Then we have
for all x X. Thus we obtain
for all x, y X. □ Remark 2.2 Let r be a nonzero real number and let X and Y be vector spaces. Let f : X Y be a mapping satisfying the functional equation (1.4) . By the same reasoning as the proof of Theorem 2.1, it is quadratic. Remark 2.3 Let r be a nonzero real number and let X and Y be vector spaces. Let f : X Y be a quadratic mapping and let, for all x X, the mapping g x : ℝ Y given by g x (t):= f(tx) (t ℝ) be continuous. Then the mapping f satisfies the functional equation (1.4).
Stability of the quadratic equation (1.4)
For r = 1, the stability problem of Equation (1.4) has been investigated by Cholewa [15] . For r = 2, the stability problem of Equation (1.4) has been proved by Rassias [16] . From now on, let r be a nonzero rational number with |r| ≠ 2.
In this section, we investigate the generalized Hyers-Ulam stability of the functional equation (1.4) in the spirit of Găvruta. Let X be a normed space and Y a Banach space.
for all x, y X. Assume that :
for all x, y X. Lemma 3.1 Let a mapping f : X Y satisfy f(0) = 0 and the inequality
for all n N and x X. Proof Let |r| > 2. Now we are going to prove our assertion by induction on n. Replacing y by x in (3.3), we obtain
for all x X. Replacing x by r 2 x in (3.5) and multiplying 4 r2 to the resulting inequality, we have
for all x X. Thus inequality (3.4) holds for n = 1. We assume that the assertion is true for a fixed natural number n. Replacing x by r 2 n x in (3.6) and multiplying 2 r 2n
to the resulting inequality, we have
for all x X. Thus we have 2 r
for all x X. Hence inequality (3.4) holds for all n N. The proof of the case |r| < 2 is similar to the above proof. □ In the following theorem we find that for some conditions there exists a true quadratic mapping near an approximately quadratic mapping.
Theorem 3.2 Assume that a mapping f : X Y satisfies f(0) = 0 and inequality (3.3). Then there exists a unique quadratic mapping Q : X Y satisfying
for all x X. Proof Let |r| > 2. For each n N, define a mapping Q n : X Y by
For each x X, in order to prove the convergence of the sequence {Q n (x)},we have to show that {Q n (x)} is a Cauchy sequence in Y. By inequality (3.7), for all integers l, m with 0 ≤ l < m, we get for all n N and all x X. By letting n ∞, we get that Q(x) = Q'(x) for all x X.
The proof of the case |r| < 2 is similar to the above proof. □ Corollary 3.3 Let |r| > 2 and let ε, p, q N with p, q <2 and ε ≥ 0. If a mapping f : X Y satisfies f(0) = 0 and the inequality
for all x, y X, then there exists a unique quadratic mapping Q : X Y such that
for all x X. 
for all x X. Corollary 3.5 Let |r| < 2 and let ε, p, q ℝ with p, q >2 and ε ≥ 0. If a mapping f : X Y satisfies f(0) = 0 and the inequality
for all x X. Corollary 3.6 Let |r| < 2 and let ε, s, t ℝ with s + t >2 and h ≥ 0. If a mapping f : X Y satisfies f(0) = 0 and the inequality
for all x X. Let |r| < 2 and let h be a nonnegative real number. If a mapping f : X Y satisfies f (0) = 0 and the inequality Df (x, y) ≤ η for all x, y X, then there exists a unique quadratic mapping Q : X Y such that
for all x X.
Stability using alternative fixed point
In this section, we will investigate the stability of the given quadratic functional equation (3.1) using alternative fixed point. Before proceeding the proof, we will state the theorem, alternative fixed point. Theorem 4.1 (The alternative fixed point [17, 18] ) Suppose that we are given a complete generalized metric space (Ω, d) and a strictly contractive mapping T : Ω Ω with Lipschitz constant L. Then (for each given x Ω), either d(T n x, T n+1 x) = ∞ for all n ≥ 0 or there exists a natural number n 0 such that
(2) the sequence (T n x) is convergent to a fixed point y* of T;
(3) y* is the unique fixed point of T in the set = {y ∈ |d(T n 0 x, y) < ∞}; has the property
for all x X, then there exists a unique quadratic mapping Q : X Y such that the inequality
holds for all x X. Proof Consider the set Ω:= {g | g : X Y, g(0) = 0} and introduce the generalized metric d on Ω given by
for all g, h Ω. It is easy to show that (Ω, d) is complete. Now we define a mapping
g(λ i x) for all x X. Note that for all g, h Ω, Hence we have that d(Tg, Th) ≤ Ld(g, h) for all g, h Ω, that is, T is a strictly contractive mapping of Ω with Lipschitz constant L.
We have inequality (3.6) as in the proof of Lemma 3.1. By inequalities (3.6) and (4.3) with the case i = 0, we get
for all x, that is,
Similarly, we get
for the case i = 1. In both cases we can apply the fixed point alternative and since lim n ∞ d(T n f, Q) = 0, there exists a fixed point Q of T in Ω such that for all x, y X. That is, Q satisfies Equation (1.4). By Theorem 2.1, Q is quadratic. Also, the fixed point alternative guarantees that such Q is the unique mapping such that ||f(x) -Q(x)|| ≤ k (x) for all x X and some k >0. Again using the fixed point alternative, we have d(f , Q) ≤ 
